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Abstract

Ordinal Priority Approach (OPA) has recently been proposed to determine the weights of experts,
attributes, and alternatives using ordinal preference without precise information for multi-attribute
ranking and selection (MARS). This study extends OPA with preference elicitation under incomplete
information to counter the parametric and preference uncertainty within MARS. Specifically, we
propose Preference Robust Ordinal Priority Approach (OPA-PR) within a two-stage optimization
framework to generalize marginal utility structure and resolve ambiguity in ranking parameters and
utility preferences. In the first stage, the worst-case marginal utility functions are elicited from utility
preference ambiguity sets, characterized by monotonicity, normalization, concavity, and Lipschitz
continuity for global information, and moment-type preference elicitation for the local. In the second
stage, decision weights are optimized based on the elicited marginal utility functions, considering the
ranking parameters within norm-, budget-, and conditional value-at-risk-based ambiguity sets. We
derive tractable reformulations of OPA-PR, especially through piecewise linear approximation for the
marginal utility preference ambiguity sets for the first stage. This approximation is verified by the
error bounds for both stages, establishing the foundation of preference elicitation strategy design.
The proposed approach is demonstrated through a numerical experiment on the emergency supplier

selection problem, including the case, sensitivity, and comparison tests.
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1. Introduction

Over the past few decades, multi-attribute ranking and selection (MARS) has emerged as a critical
area of operations research, particularly for tackling complex discrete decision problems characterized
by conflicting objectives and diverse data (Colorni, 2024). A classic MARS problem involves a decision-
maker (DM) determining the optimal alternative from a set of alternatives or establishing global
rankings based on multiple attributes evaluated by various experts (Greco et al., 2024). Given expert
set Z := {1,...,1}, attribute set J := {1,...,J}, and alternative set K := {1,..., K}, the multi-
attribute group evaluation score Z for alternative & € IC can be determined by a function F' : R —
R that has an associated collection of the weights for all expert ¢ € Z and attribute j € J and

corresponding utility function:

Zy = F(vji) = Zwi Z wiui;(vjk), VkeK,
€L jeT
where v;;, denotes the performance of alternative £ under attribute j, u;; : R — R represents the
utility function for attribute j of expert 4 that mapping the performance score v;; of alternative k to
the utility value of expert ¢ under attribute j, w; and w; are the weight for expert i and attribute j,
respectively.

Classical research is mainly based on the weights and utility functions obtained through sophis-
ticated heuristic methods with complete information assumption, which means one can always elicit
precise weights and utility functions from collected data (Ahn, 2017). If DM can provide all the
necessary information to resolve MARS problems, the prior (sophisticated) methods based on precise
data are advisable. However, challenges arise when the information is incomplete in specifying the
weights and utility functions (Guo et al., 2024). Correspondingly, there are two different sources of
uncertainty that can plague a MARS problem arising from incomplete information: parameter uncer-
tainty and preference uncertainty (Lu and Shen, 2021). In parameter uncertainty, the DM is unaware
of the exact nature of the model parameters influencing their decision, a common issue in collecting
alternative performance. Preference uncertainty occurs when a decision must be made but the pref-
erences of DMs regarding trade-offs among incomparable outcomes are not completely determined,
which is typical in eliciting the utility functions for alternative performance and weights for experts
and attributes. This preference uncertainty in the utility structure, referred to as utility preference
ambiguity in decision science literature, is an endogenous uncertainty that arises from variability, con-
tradiction, and difficulties in accurately defining preferences with incomplete information (Hu et al.,
2024). Overall, the above uncertain situations with incomplete information have general implications
in the contexts characterized by time constraints, inadequate data, and limited domain knowledge

and cognitive burden of experts (Zayat et al., 2023).
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In this study, based on Ordinal Priority Approach (OPA), a value function-based MARS methods
under ordinal preference, we propose Preference Robust Ordinal Priority Approach (OPA-PR) to
counter the parametric and preference uncertainty. To effectively solve OPA-PR for practical usage,
we also develop a piecewise linear approximation (PLA) scheme to derive the tractable reformulation

with error bound guarantees and preference elicitation strategy.

1.1. Related Literature

In this section, we aim to position our contributions in the literature by briefly reviewing relevant
studies on MARS with incomplete preference information. The study considers scenarios where DM
cannot provide complete information for all experts, attributes, and alternatives, whether subjective
or objective, except for rankings, the minimal data required for decision-making. To provide con-
textual structure, we identify two primary streams of MARS with incomplete preference information
since 21st century: optimization-based methods and extreme point-based methods, as well as OPA,
which serves as the baseline for this study. Notably, since the 1960s, classical MARS methods and
their corresponding extended models have gradually emerged to address incomplete preference infor-
mation. These models have their own assumptions and axioms, achieving significant development
in their respective research areas. For further information into these representative methods and
their evolution, we recommend readers refer to the review by Greco et al. (2024), which covers the
development of MARS over the past fifty years.

The optimization-based methods aim to solve the optimal weight assignment under the constraints
of incomplete preference information, represented by data envelopment analysis-preference voting
model (DEA-PVM) and robust ordinal regression (ROR). DEA-PVM is a typical approach based on
social choice theory. It maximizes the total score of each alternative defined as the weighted sum
of their votes across all ranking positions (Ahn, 2024a). In this process, it considers the voting per-
formance of other alternatives, essentially serving as a relative benchmarking method. The classical
model of DEA-PVM is the one proposed by Cook and Kress (1990), which evaluates the position of
each alternative relative to the entire set of alternatives and employs a discrimination intensity func-
tion to assess its properties, which has been shown to be equivalent to the Borda-Kendall consensus
model under certain conditions. Currently, DEA-PVM has been expanded to include various types
of preference information and constraints, such as ratio scales (Izadikhah and Farzipoor Saen, 2019),
decreasing and convex sequences (Llamazares, 2016), cross-evaluation (Sharafi et al., 2022), and exclu-
sion of inefficient candidates (Baranwal and Vidyarthi, 2016). ROR, based on multi-attribute utility
theory, identifies and utilizes a complete set of compatible instances, represented by necessary and
possible weak preference relations, of value functions that reflect the preferences of all DMs involved
(Greco et al., 2008). It employs piecewise-linear marginal value functions, characterized by break-
points when partial preference information is present, such as in pairwise and intensity comparisons.
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Subsequently, ROR identifies the most robust feasible weight disparities based on the partial prefer-
ence information, which can be used to identify the relations between alternatives. Currently, ROR
has been adapted in various ways to integrate with other methods, including stochastic multiobjective
acceptability analysis (SMAA) (Corrente et al., 2016), non-additive value functions (represented by
the Choquet integral and Sugeno integral (Beliakov et al., 2020)), and outranking relation preference
models (such as ELECTRE (Corrente et al., 2017) and PROMETHEE (Kadzinski et al., 2012)).

The extreme point-based methods aim to find the extreme points that characterize the weights
incorporating in a set of incomplete preference information (Ahn, 2015). Once identified, the final
rankings of alternatives are determined by multiplying the extreme points by the attribute values
of the alternatives. Ahn (2015) proposed a straightforward method for finding the extreme points
of common types of incomplete preference information in the literature, including weakly ordered
relations, ratio scales, absolute differences, and lower bounds on weights. Ahn (2017) transformed the
coefficient matrices of incomplete preference information into a class of M-matrices to identify extreme
points, subsequently minimizing the squared deviations from the extreme points to approximate the
weights. Furthermore, Ahn (2024b) derived a dual linear programming problem to obtain closed-form
solutions, identifying extreme points derived from a set of (strictly) ranked preference information.
Additionally, a prevalent weight elicitation approach involves rank-based surrogate weights, where
each surrogate weight can be uniquely represented by a set of extreme points (Burk and Nehring,
2023). Notable, there reveals a connection between DEA-PVM and extreme point-based methods
(Ahn, 2024a). For instance, Llamazares (2024) proposed explicit expressions for weights of various
simplex centroids in ranking voting systems inspired by specific simplex centroids of ROC weights.

Overall, the studies discussed above seek to engage constructively and transparently with DMs to
accurately elicit and represent their evolving preferences while effectively managing imperfect pref-
erence information that may be partial, inconsistent, unstable, or uncertain. However, some studies
subjectively assume a piecewise linear utility function based on multi-attribute utility theory, which is
a simplified approximation to the true utility function. Theoretically, this subjective assumption fails
to provide error bounds and performance guarantees for utility function approximation, going further
to provide an effective preference elicitation scheme that reduces these errors.

OPA, proposed by Ataei et al. (2020), is an optimization-based method for addressing MARS
problems with incomplete preference information. It frames the weight elicitation problem as a linear
programming model within a normalized weight space with strong dominance relations (or refers to
ordinal preference), allowing for the simultaneous determination of weights for experts, attributes, and
alternatives (Wang, 2024a). OPA utilizes ordinal data as model inputs, which are more readily avail-
able and stable compared to the cardinal values and pairwise comparisons used in other MARS meth-

ods. OPA eliminates the need for data standardization, expert opinion aggregation, and prior weight
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determination. Recently, several extensions of OPA have emerged, including fuzzy OPA (OPA-F)
(Mahmoudi et al., 2022¢; Pamucar et al., 2023), rough set OPA (OPA-RS) (Du et al., 2023; Kucuksari
et al., 2023), grey OPA (OPA-G) (Sadeghi et al., 2024), and robust OPA (OPA-R) (Mahmoudi et al.,
2022a) to address data uncertainty; partial OPA (OPA-P) (Wang et al., 2024) for managing Pareto
dominance relations; TOPSIS-OPA (Mahmoudi et al., 2021), DEMATEL-OPA (Zhao et al., 2024),
and DGRA-OPA-P (Wang, 2024b) for large-scale group decision-making; and DEA-OPA (Mahmoudi
et al., 2022b; Cui et al., 2024) for relative efficiency analysis. However, despite its practical appli-
cations, research on the fundamental properties of OPA is limited (Mahmoudi and Javed, 2023a,b).
Consequently, the lack of theoretical analysis of structural characteristics of OPA prevents current
research from effectively addressing preference ambiguity and the broader utility forms it represents.
Notably, Wang (2024a) appears to be the only study that systematically examined the fundamental
properties of the original OPA model, derived its equivalent expression, and demonstrated its closed-
form solution, decomposability, and relationship with common rank-based surrogate weights, such as
rank order centroid and rank reciprocal weights. Building on these properties, the Generalized Ordinal
Priority Approach (GOPA) was introduced within a bilevel optimization framework, where the lower
level employs cross-entropy utility minimization for preference elicitation with incomplete information,
and the upper level optimizes the weights. Similarly, our discussion is driven by the insights gained
from the structural characteristics and properties of OPA, forming the basis for extending OPA to
handle parameter and utility preference ambiguity, which differentiates our work from that of Wang
(2024a).

1.2. Contributions

This study proposes OPA-PR that extends OPA to the MARS scenarios involving parameter
uncertainty and utility preference ambiguity under incomplete preference information. It utilizes an
estimate-then-optimize two-stage procedure, where the first-stage elicit the worst-case utility functions
cross all experts and attributes from the preference ambiguity set of all plausible marginal utility
functions, and the second-stage optimizes the weights within the ranking parameter ambiguity sets.
One of the most important components of OPA-PR are the design of preference ambiguity sets,
incorporating the properties of monotonicity, normalization, concavity, and Lipschitz continuity for
global information, and moment-type preference elicitation for location information, and its PLA-

based tractable reformulation. The main contributions are summarized as follows:

e Modeling: Despite Wang (2024a) proposing GOPA in bilevel optimization framework based
on the cross-entropy utility minimization estimator for preference elicitation, his model actually
considers the deterministic incomplete preference information, where DM only provides the
preference information they certained, including the form of weak ordered relations, ratio scales,
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absolute differences, and lower bounds. In contrast, our approach considers undeterministic
incomplete preference information represented by preference ambiguity sets, which naturally
encompass deterministic cases. The preference forms discussed in Wang (2024a), along with
other common forms in decision analysis literature, can be mathematically represented using
the proposed preference ambiguity sets (see Examples 1-3). Additionally, the OPA-R proposed
by Mahmoudi et al. (2022a) can be viewed as a specific instance of our model when the worst-
case utility employs rank-order centroid weights and attribute rankings are based on discrete

scenarios with box ambiguity sets.

e Methodology: We employ a linear envelope of a piecewise linear concave marginal utility
function to determine the worst-case utility function, with fixed values at finite points derived
from the proposed preference elicitation strategy. This leads to a linear tractable reformulation
of the first-stage problem with infinite dimensions (Proposition 3). We then derive a tractable
reformulation for the second-stage problem through dual theory, incorporating ranking param-
eter ambiguity sets based on norm, budget, and CVaR (Propositions 4-6), representing a novel

extension for OPA-R with various ambiguity sets.

e Theory: In contrast to assuming a piecewise linear form for the marginal utility subjectively,
we provide the theoretical foundation for the PLA of the marginal utility function, i.e., ap-
proximation error bounds for both stages of OPA-PR. We demonstrate that when the true
utility function is concave, the step-like approximation of the partial preference information in
moment-type preference elicitation is equivalent to the PLA of the marginal utility function, with
no approximation error in the first stage (Propositions 7 and 8), which indicates that information
forms, such as deterministic utility comparisons and stochastic lottery comparisons, introduce
no errors. Using a pseudo-metric, we quantify the disparities between the approximated and un-
approximated arguments of the first stage (i.e., the elicited marginal utility functions) (Lemma
2), followed by error bounds for the second stage solutions (Theorem 2). Additionally, we show
the decomposability of the optimal weights in OPA-PR, given the worst-case ranking parameters
(Theorem 1).

1.3. Organization

The structure of this paper is organized as follows: Section 2 outlines the preliminaries of OPA.
Section 3 proposes the unified framework, tractable reformulation, and approximation error bounds
of OPA-PR. Section 4 demonstrates the proposed approach through a numerical experiments on
emergency supplier selection during the 7.21 mega-rainstorm disaster in Zhengzhou, China, including

the case, sensitivity, comparison tests. Section 5 gives the conclusions and future directions.



1.4. Notation

Throughout this paper, we use the following notation. By convention, R™ represents an n-
dimensional Euclidean space, and R™*™ denotes the space of n x m matrices. Vectors are denoted by
bold letters, for example, a € R™. Matrices are denoted by boldface letters, for example, A € R"*™,
The norm form of a letter is used to represent the elements of a vector or matrix, for example, a;;
denotes the element in the ¢-th row and j-th column of A. The floral form represents a set, for
example, A. We use k € [K] to denote k =1,..., K.

2. Preliminaries

Consider a classical MARS problem where DM needs to select the optimal alternative from K
alternatives, K := {1,..., K}, based on J attributes, J := {1,...,J}, as evaluated by I experts,
Z:={1,...,I}. In OPA, DM initially assigns importance ranking ¢; € [I]| to each expert ¢ € Z. Each
expert i € 7 is then required to provide the ranking s;; € [J] for each attribute j € J and the ranking
riji € [K] for each alternative k € K under attribute j € J. Expert evaluations are conducted
independently without group discussions to ensure rankings reflect their personal preferences. By
convention, the most important attribute is ranked as 1, the next as 2, and so forth. To streamline

subsequent discussions, we first define the following three sets
={(4,5,k, 1) eI x T XK x K :rijy =ik + 1,75 € [K — 1]},

{(i,j,k) €T x T xK:ryjp =K},
={(i,5,k) e T xJ xK}.

Intuitively, X defines the indices of all experts, attributes, and alternatives, while X represents the set
of indices of alternatives with consecutive rankings under each expert and attribute, and X5 denotes
the set of indices of alternatives ranked last under each expert and attribute. The following presents
the original OPA model proposed by Ataei et al. (2020), referred to as OPA-I in this study.
[OPA-I] max z,
w,z

s.t. 2 < tsyrige(wige — wi), V(i 5, k1) € X,

z < tisijrijk(wijk)7 V(i,j, k) € X2a (1)
I J K

2D 2wk =1,

i=1 j=1 k=1

Wik > Oa V(Zvjv k) S X?



where z is a weight disparity scalar. After solving for the optimal solution (z*,w™), the weights of

experts, attributes, and alternatives, denoted as W%, WY and WX, are then given by

J K
WE=>"Y wiy, Vel

j=1 k=1
I K
Wy =>"> wi,  Vied, (2)
=1 k=1
r Jj
WE=>"> wi,  Vkek
i=1 j=1

OPA searches for a set of weights that maximize the weight disparity scalar for alternatives with
consecutive rankings while reflecting the ordinal preferences of experts, attributes, and alternatives,

[43

within the normalized weight space. Although Ataei et al. (2020) refers to the outcomes as “weights,”
they actually represent the value of the ranked object derived from the value function. However, to
maintain consistency, we retain the original terminology. This difference maximization process in OPA-
I'is common in MARS methods, such as ROR, which identifies relations between alternatives regarding
necessary and possible weak preference by maximizing the allowable representation error (Greco et al.,
2008). Furthermore, OPA-I employs a practical yet unconventional approach by multiplying the
weight disparities of consecutively ranked alternatives by the rankings of experts, attributes, and
alternatives. Intuitively, this leads to the intuition that as rankings increase, the marginal effect of
weight disparity between consecutive alternatives decreases. Wang (2024a) shows the rationale behind
the manipulation in OPA-I by deriving an equivalent formulation and analyzing the decomposability
of its solutions into the product of commonly used ranking-based surrogate weights in decision theory,
which are determined by the corresponding rankings.

The following proposition presents the equivalent formulation of OPA-I proposed by Wang (2024a),
referred to as OPA-II in this study.

Proposition 1 (Wang (2024a)). Map the alternative index k € K to the ranking index r € R
corresponding to their ranking position ryj and define Y := {(i,j,r) € T x J x R}. OPA-I has the

following equivalent formulation
[OPA-II] max Z,
w,z

s.t. RUﬁOCZ < tisijwijﬁ V(’L.,j,T’) S y’

~
<
—~
w
~

Wijy >0, V(i,j, 7") €,



where UFOC = (Zfzr +)/R is the rank order centroid weight for the alternative ranked r € R. After

*

solving for the optimal solution (z*,w*), w;;, are mapped to w;‘jk to calculate the weights of experts,

attributes, and alternatives based on Equation (2).

OPA-II further reveals the logic behind weight assignment of OPA. It searches for a set of weights
that maximize the weight disparity scalar with the rank order centroid weights for ranked alternatives
while reflecting the ordinal preferences of experts and attributes, within the normalized weight space.

The following corollary illustrates that the optimal weights of OPA-I can be decomposed into
rank-based surrogate weights independently determined by the ranking indices of experts, attributes,
and alternatives, thereby forming a diminishing marginal effect commonly observed in rank-based

surrogate weights (Burk and Nehring, 2023).

Corollary 1 (Wang (2024a)). Let wi9C and wif denote the rank order centroid weight and rank
reciprocal weight of the object ranked I, defined as wit©® = (Zﬁ:l +)/L and wff = 1/(1 25:1 +) for
alll =1,..., L. The optimal weights for OPA-I are equivalent to

X RR, RR, ROC o
Wijle = Wy, Wsy; Wry s v(i.5.k) € X.

From Corollary 1, it can be inferred that the identical constraint coefficients t;s;;7;; in OPA-I do
not necessarily indicate identical weights. Identical weights only occur when both r;;; and t;s;; are
correspondingly the same. Corollary 1 further demonstrates that solving the multi-expert OPA model
is equivalent to solving the single-expert OPA model and then applying rank reciprocal weights for

aggregation, which is adopted in the rest of this study. For all i € Z, define

T
8i = (8ily- -y Sily s 8idse -5 8i0)
R elements R elements
ROC _ ROC ROC ROC ROC\T
U = (U, ..., UR°%,... ., U™, ..., UR?Y) ",

~~

JR elements

_ _ o T
w; = (Wit1, ..., WilR, Wi2l, - - -, WiJR)

JR elements

_ o B B -
W, = diag(wj11, - - ., WitR, Wi21, - - - , WiJR)

JR elements

We can rewrite the OPA-II for any ¢ € Z (i.e., the single-expert model) in matrix form as

max -z,
w; EW;,Z;
s.t. RUROCEi < Wisi, (4)

Ton, —
(2R 7 )
szOa
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where e denotes a JR-dimensional vector of all ones.

3. Preference Robust Ordinal Priority Approach

This section introduces the preference robust ordinal priority approach (OPA-PR) based on a
bilevel optimization framework to counter the ambiguity within both the utility structure and ranking

parameter.

3.1. Modeling Framework

The components that may introduce uncertainty into OPA in Equation (4) include the alternative
utilities and attribute ranking parameters. For alternative utilities, it is desired to extend the rank
order centroid weights for alternatives to a more general utility structure that accounts for ambiguity
in the preference information. This can significantly expand the flexibility of the proposed approach by
customizing it to reflect different preferences, rather than restricting it to a specific alternative utility
structure as in OPA. The focus of OPA-PR in preference ambiguity is the situation where expert i € 7
does not have complete information to uniquely specify their marginal utility function u;; : R — R
for attribute j € J that maps alternative rankings to utility values. However, partial information can
be gathered to construct the ambiguity sets of marginal utility functions, denoted as U;;, such that
the true marginal utility function reflecting the expert preference falls within the ambiguity set with
high likelihood. Similarly, for ranking parameter ambiguity, a common robust optimization approach
is applied to construct the ambiguity sets for attribute rankings s;, denoted as V.

This study formulates OPA-PR in an estimate-then-optimize two-stage procedure. Consider a
measurable space (€2, F), where ( is a finite non-empty set and F is a o-algebra on . The finite
sample assumption that Q := {&;,...,€g} with 1 < F < oo and & := {1,...,E} is common in
literature related to risk preference, which can be regarded as a discrete sample approximation of the
continuous sample space (Wu et al., 2022). The first stage involves eliciting the worst-case marginal
utility function u;; for all (1,7) € T x J from a set of plausible marginal utility functions U;; over the
expectation of random return h(z, &) of lottery @ € R™ indexed by the finite scenario & € R" with
associated probabilities p. = P[€ = &.] for e € £. In the second stage, informed by the estimated

worst-case marginal utility function. It optimize for the optimal decision weights under the worst-

case ranking parameters from the corresponding ambiguity set V;. Let Uir = OR_TH du;‘j(az) for all
(i,j,r) € Y and
-
U’ = ( i1 Uitry Uiars -+ i*JR) :

JR elements
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For any ¢ € Z, we consider the modeling framework in Equation (5) for OPA-PR.

Smax  z
WiE€Wi,zi (Second Stage: Optimize)
S.t. RUi*Zi < Wzgz Vs; €V (5)
uy; = argmin Ep[ug;(h(z, §))] VieJ (First Stage: Estimate)

wij €U
The proposed OPA-PR framework clarifies the optimal weights when experts exhibit conservative
(risk-averse) behavior against uncertainty. It optimizes the worst-case marginal utility function from
the ambiguity set that reflects the preference attitude of expert in the first stage, providing a more
interpretable formulation. The key to success is designing the ambiguity sets for both marginal utility
functions and attribute rankings, particularly the ambiguity set for marginal utility functions based
on partial preference information of experts, and further determining the tractable reformulation of

Equation (5).

3.2. First-Stage Estimation: Worst-Case Marginal Utility Functions

This section presents the ambiguity set design of the marginal utility functions and develops a

tractable reformulation for the first-stage estimation of OPA-PR.

3.2.1. Ambiguity Set Design for Marginal Utility Functions

We begin with designing the ambiguity set for the marginal utility functions related to the first-
stage problem of OPA-PR, which is formed by the intersection of the following properties of marginal
utility function: monotonicity, normalization, concavity, Lipschitz continuity, and moment-type pref-
erence elicitation.

Let % represent a class of real-valued utility functions, where any u € % is piecewise continuously

differentiable with a finite number of non-differentiable turning points at some of the rankings:

O=m<--- <718, =R,

1,

and H;; :={1,..., H;;} for all (¢,j) € Z x J. Suppose that the input z is bounded on © := (0, §] and
0 = R.

Assumption 1 (Monotonicity). The set of utility functions satisfying the monotonicity is denoted

as U™", where u € % is monotonic if z <y implies u(z) < u(y) for all z,y € ©.

Assumption 2 (Normalization). The set of utility functions satisfying the normalization is de-

noted as U"°", where u € % is normalized if u(0) = 0 and u(f) = 1.
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The monotonicity and normalization of utility functions are common in literature related to deci-
sion theory (Wu et al., 2023).

Assumption 3 (Concavity). The set of utility functions satisfying the concavity is denoted as
U™ where u € % is concave if u(Ax+ (1 —N)y) > u(z)+ (1 — Nu(y) for all z,y € © and X € [0, 1].

The concavity of the utility function reflects the risk aversion preference, implying that for any
random lottery X, one prefers the certain outcome E[X] over the lottery X itself (Armbruster and
Delage, 2015). Although this concavity assumption may not apply to all scenarios, it is generally

suitable for most decision-making situations (Timonin, 2013).

Assumption 4 (Lipschitz continuity). The set of utility functions satisfying the Lipschitz conti-
nuity is denoted as U, where u € % is Lipschitz continuous with modulus being bounded by G if
lu(z) —u(y)| < Gllz —y|| for all z,y € O.

Lipschitz continuity can be interpreted as the restriction that a finite input cannot lead to an
infinite improvement, meaning the preferences cannot change too rapidly around any specific input
(Guo et al., 2024). It establishes an upper bound G for the the first-order derivative of utility function
over ©. Thus, when the expert specifies their nominal utility function, we can derive G from its
first-order derivative, such as the maximum of Vu(7) = 1/(0) for risk-neutral utility function and
Vu(r) = (v 77) /(1 —e™7) for constant absolute risk-aversion utility function over ©. Additionally,
Lipschitz continuity aids in establishing error bounds for ambiguity set approximations, which will be

shown in Section 3.4.

Assumption 5 (Moment-type preference elicitation). The set of utility functions satisfying the

moment-type preference elicitation is defined as

0
U™Pe = {u EU:—ox < / Pi(T)du(r) < ¢ forl € L’} , (6)
0

where ¢; : © — R are Lebesgue integrable functions and ¢; are some given constants for [ € £ :=

a,...,L}.

The term v for | € L reflects partial preference information, which varies across attributes among
different experts. It is easy to verify that U/™P™® is a convex set. The moment-type preference elicitation
set encompasses various forms of partial preference information discussed in the literature related to

decision theory, with several sensible examples presented below.
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Example 1 (Value comparison (Wang, 2024a)). The value comparison primarily involves par-
tial preference information for a value prospect, including ratio scales, absolute differences, and lower

bounds, with the corresponding set of utility function defined as:

r r—1
U .= {u EU : / du(r) — oy, / du(r) =0 for [ € [,1} ,
0 0

r r—1
U .= {u e : | du(r) —/ du(r) = g, for Iy € EQ} ,
0
u® .= {u €U : | du(r)=ry, forls € Eg} ,

where U™, U, and U'™® represent the set of utility functions with ratio scales, absolute differences,
and lower bounds, respectively. In cases of complete preference information, U™ is commonly applied
in pairwise-comparison-based MARS methods like AHP, ANP, and BWM, while 2/* is prevalent in
quasi-distance-based methods like TOPSIS, VIKOR, and EDAS. We can express the above sets using

indicator functions as follows:
0
Uus = {u S/ / (1(077«} (7‘) - 04111(07T,1](x))du(7') =0 for [ € ﬁl} ,
0
0
—{ue: [(Aunn) = 10pn()utr) = by for i € L2}
0

0
U = {u €U - /0 10,0 (7)du(r) = 5 for I3 € ﬁg} ,

where I,(7) is indicator functions with domain [0, 7] with 7 € ©. Without loss of generality, we can

unify the above sets into the ambiguity set with value comparison:

0
U .= {u EU - / m(7)du(r) = ¢ for | € E} ,
0

which is consistent with the form of U/™P™. Notably, 7; is a step function with jumps at given constants

¢ forl e L.

Example 2 (Stochastic lottery comparison (Armbruster and Delage, 2015)). Given any lot-
tery with cumulative distribution F'(7) on the domain © with the expected utility u(r1) < E[F(7)] <
u(rg). By integration by parts, we have

/Oeu(T)dF(T)—u(T)F(T)‘z—/OaF(T)du(T) 2/0 du(r :»/ 7) 1oy (7)du() < 1,

and

/09 u(r)dF (1) = u(T)F(T)‘O — /09 F(r)du(r) < /0 du(r) = / )+ 10, (7))du(r) > 1,

0
13



0 0
where I,(7) is the indicator function and U(T)F(T)‘O = u(T)G(T)’O = 1 is from the normalization

condition. Then, we have the ambiguity set with stochastic lottery comparisons:

Ll {u EU / )+ 1o (7))du(r) < 1, /09(—1%) — 1y (7)) du(7) < 1} :

which is consistent with the form of U™P'. If the lottery involves pairwise comparisons with corre-

sponding singleton probability, then v for I € £ in U is a step function.

Example 3 (Stochastic dominance relation (Hu and Mehrotra, 2015)). Given any two lot-
teries with cumulative distribution F'(7) and G(7) with 7 € ©. Suppose that DM prefers F'(7) to G(7).
By the expected utility theory, we have E[F(7)] > E[G(7)], which can be rewriten by integration by

/OGU(T)dF(T) 2/ 7)dG(r :»/ (r)]du(r) > 0.

Then, we have the ambiguity set with stochastic dominance relation:

usd .= {u cEU - / (7)])du(r) < o},

which is consistent with the form of U/™Pr,

parts as:

The ambiguity set for marginal utility function of OPA-PR can be derived from the intersection

of the previously discussed sets
U = UMD O 1fPOF M 14O N ulip N umpre7 (7)

where monotonicity, normalization, concavity, and Lipschitz continuity represent global information,
while moment-type preference elicitation serves as local customized information of marginal utility
function. Notably, the ambiguity sets of marginal utility functions differ from each attribute given by
experts, forming the basis for eliciting customized preferences. Thus, for any (i,j) € Z x J, we have
the first-stage problem of OPA-PR

Pij = .min“ZpeuZ]( (x,&))- (8)

3.2.2. First-Stage Tractable Reformulation

This section introduces the piecewise linear approximation (PLA) of the ambiguity set of marginal
utility functions to derive a tractable reformulation of the first-stage elicitation of the worst-case
marginal utility function.

We begin by presenting the PLA of the ambiguity set of marginal utility functions, specifically
U™P™ in Y, which is nonlinear within the space of utility function % . PLA is of interest for two main
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reasons. First, the ordinal preferences are elicited at discrete rankings in OPA. Connecting utility
values at these points to form a piecewise linear marginal utility function is a straightforward way
to obtain an approximated marginal utility function (Wu et al., 2023). Second, the piecewise linear
assumption is widely used in decision theory research, as seen in various MARS methods such as UTA,
MACBETH, and ROR (Greco et al., 2024).

Definition 1. Let % C U where any @ € % is a piecewise linear function with non-differentiable
turning points on ©. The set of piecewise linear utility functions satisfying moment-type preference

elicitation is defined as

0
ymere .— {11 EU : —0 < / Pi(r)da(r) < ¢ for l € L’} . (9)
0

UEP can

For any u;; € U;;"", the corresponding piecewise linear marginal utility function ;; € Uj;

be constructed by connecting the function values at the endpoints of each interval (73, 1, 75,,] for any

hij € H;j;, which is given by the following proposition.

Proposition 2. For any (i,j) € Z x J, suppose that 1y, () for any l;j € L;j is a step function on ©

mpre

utility function G;; € @Zij with @(tp,;) = u(th,;) for all hij € H;j, such that i;; € Z;{i?pre. Specifically,

with jumps at 7y, for all hij € Hi;. Then, for any u;; € , there exists a piecewise linear marginal

such @ can be constructed by

Wij (Thij ) — Uiy (Thij_l)

Thij - Thij—l

’al’j(t): Z (uij(Thij—l)_l'

(t= 7,0 ) 1{t € (o7} Ve € ©. (10
hij€Hij

By Proposition 2, for any (i,j) € Z x J, we can introduce the approximated first-stage problem
of OPA-PR

pij = min Y peili;(h(x, &) (11)

Uig€Uij cc
where Uij == U™ N U NUC NUP N Z;{Zl P In Section 3.4, we will analyze the error bounds on
the optimal value and solution of both stages of OPA-PR introduced by PLA.
We then derive a tractable reformulation of the approximated first-stage problem in Equation (11),
which has infinite dimensions. The following lemma states that, given a set of points in R™ x R, a
concave function mapping from R™ to R can be expressed as the upper envelope of linear functions,

forming a piecewise linear concave function that passes through some of those points.
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Lemma 1 (Haskell et al. (2018)). Let f : R™ — R and (-) denote the Euclidean inner product. The
following statement holds.

(1) f is concave if and only if
f(w) = inf gi(x), Va € domf,
1€

where I is an index set, potentially infinite, and g;(x) = (a;,x) + b; for all i € I, representing the
support function of f at x for any a € Of(x).
(2) For any finite set O C R™ and values {v,}oco C R, the function f:R" > R defined by
f(z) = migl{(a,@ +b:(a,0)+b>v,VYoec O}

a,

is concave. Furthermore, fg f holds over R™ for all increasing and concave functions f with f(o) >

V.

The following proposition gives the tractable reformulation of Equation (11) based on Lemma
1. Our result shows that Equation (11) can be solved by a finite-dimensional linear programming,

involving 2(R + E) variables and 4R + ER + L + E constraints without nonnegativity constraints.

Proposition 3. For any (i,j) € IxJ, Equation (11), satisfying Assumptions 1-5, can be reformulated
as the following minimization problem in Equation (12), which is a finite linear programming problem

given  and &, where h(x, &) is affine in x.

min elach(x, &) + be 12a
i, 3 pe(ach(e &) + ) (12
s.t. th] - yhij—l = /J’hij—l(Thij - Thij—l) Vhl] € HZ_] (12b)
yhij - yhi]-—l 2 Mhi]' (Thi]‘ - Thij—l) \V/h” € HZ]\{H’L]} (12C)
0<pn; <G Vhij € Hi; U{0}\{Hi;} (12d)
Thy s

Z ,uhijl/ ! Iblij (T)dt <q Vlij S ﬁz‘j (126)

hij€Hij Thyj—1
QeThy; + be > Yhi; Ve € €, hij € Hij (12f)
Yo = 0, Yr = 1 (12g)
ae >0 Ve e & (12h)

Given the optimal solution (a*,b*,y*, u*), the worst-case marginal utility function is given by

- y;ku - y;ku'* Thi'yzi‘* - Thi'_ly;kli'
u;kj(t) _ § : J J 1t 4 M Thi 1 J 741 {t € (Thij—:[?Thij]} , Vteo, (13)
Th:: — Th,:—1 Th:: — Th,:—1
hijEHij iJ iJ 19 3

with 47;(0) = 0 and uj;(R) = 1.
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By Proposition 3, we can derive the worst-case marginal utility functions in piecewise linear form
for all experts and attributes, which are then incorporated into the second-stage problem of OPA-PR

to determine the optimal decision weights.

3.3. Second-Stage Optimization: Decision Weights

This section introduces several ambiguity sets for attribute ranking parameters and derives the

corresponding tractable reformulation of the second-stage optimization of OPA-PR.

Let ffl* e R7*E where ﬁijT = OR#H d@ljj(:v) The second-stage optimization deals with the
following problem
max_ Zz;,
Zi,w; EW; (1 4)

s.t. Rﬁ;éi < VNViéi, Vs; € V.
We primarily consider the following ambiguity sets for the attribute ranking parameters of the
second-stage problem in OPA: norm-, budget-, and conditional value-at-risk (CVaR)-based ambiguity

sets, which are the mainstream ambiguity sets considered in decision analysis.

Assumption 6 (Norm-based ambiguity set). The norm-based ambiguity set for the attribute
ranking § is defined by
v {5 e RIR 275 (5 - )l < 0

where p is the mean of s across experts, and X is the covariance matrix of s across experts, which is

assumed to be X >~ 0.

The norm-based ambiguity set represents the variation regions defined by the deviation of § from
its mean p across experts, transformed by the covariance matrix M, measured by distance metrics
|| - |l2. The mean represents the central position of the attribute ranking, while the covariance matrix

characterizes the dispersion.

Assumption 7 (Budget-based ambiguity set). The budget-based ambiguity set for the attribute
ranking § is defined by

Vbudget — .§€RJR1‘gg—,ug‘g’Yg,Vgeg,ZMSF’|g|:JR

g€eg g

The budget-based ambiguity set can be regarded as the intersection of || - ||oc and || - |1, which is

less conservative as it excludes rare events compared to interval ambiguity set.
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Assumption 8 (CVaR-based ambiguity set). The CVaR-based ambiguity set for attribute rank-
ing S is defined by

- - ..
YOVaR . {s e R 3 GRI,s:;msi,;m =1,0<1n< E’W GI},
7 (2

where a € (0, 1].

In the CVaR-based ambiguity set, attribute rankings are determined by the convex combination
of ranking parameters provided by experts. The upper bound of the weights is related to CVaR, with
a controlling the tail risk. A smaller « results in a larger ambiguity set and a more robust solution.

We next derive the tractable reformulation of the second-stage problem of OPA-PR under the

above discussed ambiguity sets for attribute rankings.

Proposition 4. For any ¢ € I, the second-stage problem of OPA-PR with an ambiguity set for
attribute rankings that satisfies Assumption 6 is equivalent to the following second order cone pro-
gramming

max 27;7
W; EW,Zi, i (15)
Wiﬂ — Rﬁz* gi

st (1(22) Tbifla)e < —F—

Proposition 5. For any ¢ € I, the second-stage problem of OPA-PR with an ambiguity set for

attribute rankings that satisfies Assumption 7 is equivalent to the following linear programming

_ max Zis
W; EW;,2i,Y1,Y2,\,V

s.t. (y1 + yg)Tu + ()\Te +Tv)e < —RUi*Zi,
Y+ Y, =-W,
A>—ATy, (16)
A> Ay,
ve > —A7 'y,

ve > A7 'y,
where Y1 = diag(yi11, .- -, Y11R, Y121, - - - » Y1JR), Y2 = diag(y211, ..., Y21R, Y221, - - -, Y2JR), and

Az‘ = diag(l/’m,.. .,1/’)@‘1,...,1/’}@'{],.. .,1/’)/1']).

R elements R elements
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Proposition 6. For any ¢ € I, the second-stage problem of OPA-PR with an ambiguity set for
attribute rankings that satisfies Assumption 8 is equivalent to the following linear programming

max Ziy
w; EW;,2i,\,08

1 -
RO D - .| e > RU*3
s.t ()\ Od_Z@)eRUZz, (17)
€T
Wisy + (=X + Bi)e > 0, Vil €T,
B > 0.

*
gr

tributes by experts, with Equation (5) calculating the final weights for experts, attributes, and alter-

The optimal weights w}.. are then mapped to w;-kjk according to alternative rankings under at-

*

natives. Notably, when the worst-case utilities Uijr

for all experts and attributes (i,j) € Z x J reduce
to rank order centroid weights, and the ambiguity set for attribute rankings are discrete scenario or
box-based, OPA-PR recovers the OPA-R proposed by Mahmoudi et al. (2022a).

The following theorem gives the decomposability of the optimal solution of OPA-PR, given the
worst-case attribute ranking parameters. Let s} = argming, ey, W, 35;, which can be obtained from the
dual optimal solution. For further details about recoverying the primal via the dual, we refer readers

to Chapter 5 of Boyd and Vandenberghe (2004).

Theorem 1. For any i € Z, the optimal weights for the second-stage problem of OPA-PR is given by

WR, WU :
wii, = wi wig, V() € J X R, (18)
where
WR .
Wij = — 1 V] € j,
Sij 2ujeg 55
and

N U
A= (X k) (E2%). winesxr

jeg " jegrer i
~ WR _ WU _
with 3 ez wii ™ =1 and Y e 7> cqwif, = 1.

Theorem 1 demonstrates the decomposability of the second-stage solution of OPA-PR, where the
two weight components are normalized and depend solely on the worst-case attribute rankings and
worst-case utilities. It further suggests that, once the worst-case attribute ranking and worst-case
utilities are determined, the optimal weights for the second-stage problem of OPA-PR can be directly

computed using Equation (18), providing a closed-form solution.
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3.4. Error Bound

This section analyzes the error bounds of the ambiguity set approximation of marginal utility
functions on the optimal value for the both stages of OPA-PR to provide a theoretical basis for the
application.

Compared to the first-stage error bound of OPA-PR, our primary interest lies in identifying which
forms of partial preference information can minimize the first-stage error, as this can inform the design
of more effective preference elicitation strategies for DMs. The following proposition shows that the
PLA of the first-stage problem in OPA-PR introduces no additional approximation errors when the
utility functions in the ambiguity set are concave and the non-differentiable turning points on ©

corresponds to discrete outcomes.

Proposition 7. For any (i,j) € T x J, if (1) for all l;j € L;; are step functions over © with
Jumps at Tp,; for hij € Hij, then pij = pij.

The following proposition gives a equivalent representation of the PLA of the ambiguity sets for
marginal utility functions, which is obtained from the step-like approximation of the partial preference

information in moment-type preference elicitation set.

Proposition 8. For any (i,5) € Z x J, let uj; € U;; and ;; be the corresponding piecewise linear
approzimation defined as Equation (10). Then, the step-like approximation of i, for lij € Lij,
denoted as 1/;11.]., resulting from the turning points at Ty, for hij € H such that 1/311.]. (Thy;) = i(Thy;) is

equivalent to the piecewise linear approximation of u;;.

Propositions 4 and 5 provide insights for designing effective preference elicitation strategies in
OPA-PR: we can avoid approximation errors by properly eliciting the preferences with the step-
like characteristic. Notably, as we discussed before, the partial preference information derived from
deterministic utility comparison (Example 1) and stochastic lottery comparison with two lotteries
(Example 2) is the step function. These findings will aid in developing preference elicitation strategies
for OPA-PR, presented in Section 3.5.

We next quantify the impact of the elicited worst-case marginal utility functions with PLA in
the first-stage problem on the optimal solution of the second-stage problem of OPA-PR. To achieve
this, it suffices to analyze the difference between @* and u* and its impact on the optimal solution,
as the PLA solely affects the structure of ambiguity set for utility functions, especially moment-type
preference elicitation. Notably, PLA has impact on the second-stage problem even when no extra
error is introduced in the first-stage problem. This is because the second-stage problem relies on
the arguments from the first-stage minimization problem (i.e., @;; for all (i,j) € J), rather than the
optimal value p;;. We begin by introducing the pseudo-metric for measuring the disparity between
utility functions.
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Definition 2. Let % be a set of measurable functions defined over ©. For any uy,us € %, the

pseudo-metric between uq and ug is defined as

dg(ur,uz) := sup | (f,u1) — (f,u2) |,
feF

where (-) denotes the Euclidean inner product.
It is easy to verify that dg(u1,u2) = 0 if and only if (f,u1) = (f,ug) for all f € .#. Based on the
pseudo-metric, the following lemma provides the upper bound for the PLA errors between marginal

utility functions.

Lemma 2. Let .# := {f = Io(-)}, where Ig(-) is the indicator function with domain ©. For any
(i,j) € T x J, the optimal ufj € U;j is G-Lipschitz continuous over ©, and &’;j represents the corre-
sponding piecewise linear approximation defined as Equation (10). Then

dg(uj;, ;) = sug ‘ﬁ;k](’l') —u; (7’)‘ < GGj, (19)
TE

where (;j = maxp, ey, (Thy; — Thy;—1) and G > 1/R.

With Lemma 2, we can quantify the error bound on the optimal solution of the second-stage
problem in OPA-PR originating from the PLA of the elicited worst-case marginal utility functions.
Consider the following dual problem of the second-stage problem with utilities derived from the un-
approximated marginal utility functions for any i € Z with the dual variable #; € R and \; € R/*E

min 0;,
s.t. A8 < ;e
RU) A =1,
Ai >0,

(20)

where Ai = diag()\in, e a)‘ile )\i217 e ,)\Z'JR).

Theorem 2. For any (i,j) € T x J, assume that F = {f = lo()} and uj; € U;; is G-Lipschitz
continuous over © and u;; is corresponding piecewise linear approzimation defined as Equation (10).
Let (07, AY) denote the optimal solution of the dual problem of Equation (20). Let (Zf,w}) and (2], w})
denote the optimal solutions of the second-stage problem of OPA-PR, corresponding to unapprorimated

and approximated utilities, respectively. Then,

1
1— A Te)zr <3 < * 21
( RG<J( z) G)Zz >z > l_i_RG(ij()\;f)Tezz ( )

and for all (j,r) € J X R,

( C]( z) ) )T ZZ* S 71):;,,‘ S ZJT* - — Z;-k, (22)
(1 + RGCZ]()\Z) G)SZ-J-

Pt

55

where (i = maxp, e, (Thy; — Thyj—1)-



3.5. Preference Elicitation Strategy Design

This section focuses on the preference elicitation strategy relevant to the first-stage problem of
OPA-PR. As discussed in Section 3.4, the way to elicit expert preferences directly influences the PLA
errors of the ambiguity set for marginal utility functions. Thus, we utilize the stochastic pairwise
lottery comparisons, which provide step-like preference information covering the deterministic utility
comparisons, without introducing additional errors in the PLA as detailed in Propositions 7 and 8.

Specifically, experts are asked to determine the certainty equivalent of pairwise lotteries

r1, with probability 1 — p,
le{ ! A P Y b and ZQITQ.

r3, with probability p,

1

For any (i,j) € Z x J, the question [;; is characterized by four parameters L, < T‘Z_J_ < r?ij and p;;

with the corresponding vy, given by

Y, (1) = (1 _pij)l[rll ] (7) +pij1[rs

ij lij

,R](T)—U{g ](T)-

T
L

If the utility function is normalized such that ;; (rllij) =0 and (rl?’ij) = 1, the question simplifies to
determining whether ;; (rij) > pi; or not. Thus, the key is how to determine the probability p;;.

In the following, we utilize the random utility split scheme to select these four parameters (Arm-
bruster and Delage, 2015). We first determine the number of questions L;j, from which the number

of breakpoints is 3L;; +2 < R.

e Initialization: Set [;; = 0.

1
lij

e Step 1: Choose r; and T‘Zj uniformly from the ranking set R = {1,2,..., R} and rij uniformly

from the rankings in [rllij , rij].
e Step 2: Normalize the utility function such that ﬂij(rllij) = 0 and aij(rij) = 1. Then, let
Cij = [Ciy,

the elicitation of the minimum C);; as an example, which is solved by the following minimization

Cij] = ming o7 aij(rij)7max’aij€aij &ij(rij)} and py; = (Cy; + Cij) /2. Taking
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problem

: 2 2
;glor,lb Z (ahij rlij + bhij)]‘(’fhij—lﬁhij](Tlij)’
hij€Hij

1 —
S.t. a,r.lluilrlij + b"‘ll..fl — 07
(%] )

3 _
aps 1T, -+ brl?’__—l =1,
J ij

T‘li
a/hij—lThij + bhij—l = ahijThij + bhij’ Vhl] S Hz],
ahi]' - a’hij—l S 07 Vhl] € HZ]’
Thi;—1
> ahij1/ Y (T)dt < ey Vi € Ly,
hij€Hij Thi
Ahy—1 < G Vhij € Hij-

Similarly, C_'Z-j can be determined by maximizing the above problem.

e Step 3: Let l;; = lj; + 1 and 9y, (1) = (1 — pij)l[T}JR](T) +pij1[r?__,R}(T) - 1[,,12”7R](7'). If
1] v vy

Pij > ﬂij(rij), which is equivalent to fe —1y,;(7)di;;(7) < 0, then the expert prefers Z1 to Za.

We then include the constraint [ —y,;(7)dt;;(7) < 0 in the ambiguity set Z;{w Otherwise, add

Jo ¥, (T)dtg;(1) < 0. Return to Step 1 until l;; = L.

Step 1 generates the lottery and certainty equivalent for pairwise comparisons. Step 2 determines
the probability p;; at the midpoint of interval C;;, which means the true utility function value at 1"12”,
lies in either the upper or lower half of interval Cj;, reducing the ambiguity set for possible utility
functions by half. Step 3 requires the expert to select the lottery and certainty equivalent to add
the constraints. Notably, when the expert specifies the nominal utility function, the modulus G of

Lipschitz continuity modulus can be derived from its first-order derivative.

Remark 1. It is important to acknowledge that preference inconsistencies may occur during the elic-
itation process, arising from factors such as violations of expected utility theory axioms or contamina-
tion of preference information (Guo et al., 2024). In Appendix A, we present extended formulations
for two types of preference inconsistencies commonly discussed in literature (Guo et al., 2024; Wu

et al., 2022): weight disparity error and erroneous elicitation.

4. Numerical Experiments

4.1. Experiment Setup

In this section, we conduct numerical experiments on OPA-PR, applied to the emergency supplier

selection problem in the context of the 7.21 mega-rainstorm disaster in Zhengzhou, China. We focus
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on the in-disaster scenario, which contrasts with pre-disaster conditions. Unlike the pre-disaster set-
ting, the in-disaster phase demands rapid decision-making due to the high urgency and uncertainty
that typically follow such events. This scenario challenges traditional supplier selection as the unpre-
dictability and complexity of disasters often make preselected suppliers inadequate (Wang et al., 2022).
In response, the in-disaster emergency supplier selection problem must adapt by relying on partial
preference information and accommodating the risk preferences of DM, significantly influencing out-
comes under these conditions. Overall, the in-disaster emergency supplier selection problem, marked
by urgency and complexity in decision-making, demonstrates the applicability and effectiveness of
OPA-PR, aligning with the proposed decision framework and providing an ideal testing ground.

There are ten emergency suppliers (labeled A1 to A10) available, each presenting unique character-
istics suited for flood relief efforts. Some provide stable supply chains and rapid response capabilities
at higher costs, while others leverage strategic locations and efficient transport networks to improve
emergency effectiveness. Six attributes are identified to evaluate these suppliers: response speed (C1),
delivery reliability (C2), geographic coverage (C3), operational sustainability (C4), collaborative expe-
rience and credibility (C5), and supply cost (C6). A single-expert decision-making process is adopted
in this study without loss of generality, as Corollary 1 shows that the multi-expert OPA model can
be equivalently reduced to a single-expert OPA model followed by aggregation using rank recipro-
cal weights. This not only simplifies the analysis but also yields results that are more intuitive and
interpretable. The expert ranks each attribute and supplier, with the ranking data available in the
Online Supplemental Material. The selection of the ambiguity set parameter for OPA-PR follows the
method outlined in relevant classic textbooks. For the norm-based ambiguity set, let 6 = 0.00795; for
the budget-based ambiguity set, set v =1 and I' = 0.875; and for the CVaR-based ambiguity set, set
a = 0.95. For simplicity, OPA-PR with norm-, budget-, and CVaR-based ambiguity sets are referred
to as OPA-PR(N), OPA-PR(B), and OPA-PR(C), respectively, in the numerical experiments.

The numerical experiments are structured into three parts: the case test, the sensitivity test, and
the comparison test. The case test is designed to demonstrate the implementation of our proposed
approach and provide an interpretable explanation of the case results. The sensitivity test assesses
the effect of parameter variations on the outcomes. The comparison test contrasts the results with

the original OPA model to assess the effects of the extensions on the outcomes.

4.2. FExperiment Results

This section analyzes the case results of OPA-PR using the collected data. Figure 1 illustrates
the worst-case marginal utilities of ranked alternatives under various attributes based on partial pref-
erence information obtained through the scheme in Section 3.5, which is the first-stage outcome of

OPA-PR. The results indicate that the worst-case marginal utilities of ranked alternatives varies
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across attributes based on the partial preference information, even when the expert responds to iden-
tical utility elicitation questionnaires for different attributes. This highlights the need to customize
the preferences of expert in decision-making processes. Furthermore, the worst-case marginal utility
function reflects a risk-averse preference, contrasting with the original OPA model using rank order
centroid weights, which suggests a risk-seeking preference, extending beyond the less common single

risk-seeking preference in practice.

= Cl—e—(C2—4—C3—v—C4+C5

e
=

Worst-case marginal utility

T T T T T
0 2 4 6 8 10

Rank for alternative

Figure 1: Worst-case marginal utility function (reversed rankings) for ranked alternatives across attributes

The second-stage problem of OPA-PR under the three ambiguity sets is solved using the elicited
marginal utility functions. The optimal weight disparities for OPA-PR(N), OPA-PR(B), and OPA-
PR(C) are consistent, with a value of 0.0025. Figures 2 and 3 present the optimal attribute and
alternative weights, showing nearly identical results result from the same optimal weight disparities.
Regarding attribute weights, OPA-PR(C) exhibits greater differences across attributes than OPA-
PR(N) and OPA-PR(B), which show the same attribute weights. C1 is the most significant for all
three, with a weight of 0.3064. For OPA-PR(N) and OPA-PR(B), C3 ranks second with a weight
of 0.1794, followed by C6, C2, Cb, and C4, with weights of 0.1588, 0.1502, 0.1175, and 0.0876,
respectively. In contrast, OPA-PR(C) assigns weights of 0.1714 to C2, C3, and C6, followed by 0.0857
for C5 and 0.0571 for C4. The alternative weights for OPA-PR(C) are all identical, each valued at
0.1000, indicating a degenerate solution and suggesting its inapplicability to this scenario. Due to
its poor performance, OPA-PR(C) will be excluded from the sensitivity and comparative analysis for
further testing. For OPA-PR(N) and OPA-PR(B), the alternative ranking remains consistent. The
top six alternatives are A5 (0.1038), A6 (0.1033), A7 (0.1020), A8 (0.1020), and A2 (0.1017), with A5
being the most favorable due to its performance in C1, C2, C4, and C5.
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Figure 2: Optimal weights for attributes

0.1038 0.1038
0.10330.1033

0.1026 4

0.10170.1017 0.10200.1020 0.1020 0.1020

0.0998 0.0997,

0.0988 4

Weight

0.0950 4

0.0912 4

Alternative

Figure 3: Optimal weights for alternatives

4.8. Sensitivity Analysis

This section performs a sensitivity analysis on OPA-PR, focusing on the perturbation of alternative
rankings and size parameters of attribute ranking ambiguity sets, particularly examining the sensitivity
of alternative rankings to assess the value of the prescribed alternative in the perturbed version of the
perceived ranking.

For the sensitivity analysis of alternative rankings, we generate the samples from a normal distri-
bution using the expert-provided alternative rankings as the mean, with standard deviations of 1/3,
1/2, and 2/3. These standard deviations are based on the fact that approximately 99.7% of the data
within a normal distribution falls within three standard deviations of the mean, allowing estimation
of the standard deviations using the maximum and minimum values. A standard deviation of ¢/3
results in a maximum range of 2¢, i.e., (mean — ¢, mean+c), with a radius of ¢. Thus, a standard devi-

ation of 1/3 represents alternative ranking perturbation without reversal, while 1/2 and 2/3 indicate
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perturbation with ranking reversal. The stopping condition is defined as

H(argr]?ea’écpﬁ, ... ,arg%lea%ple)T — (k7, .. .,kz}})THg =0 and ||(rlglea’é<pﬁ, ... ,rl?ea’écpan)THg >d,

with a maximum of 1000 iterations, where m denotes the iteration step, d is a given constant, k
denotes the index of the r-th ranked alternative from the unperturbed OPA-PR, and pj/ represents
the probability of alternative k being ranked r for all k£ € IC and r € R under iteration step m. The first
condition ensures that the final ranking result converges to the mean-based alternative ranking result
after a specified number of iterations. The second condition requires the probability of convergence to
meet a minimum threshold. Let d = 1.5811, derived from ||K(0.5,...,0.5)" ||2. To make the analysis
statistically meaningful, we set the minimum iterations to 50.

Table 1 displays the number of iterations required to meet the stopping condition under different
perturbation radii for alternative rankings, along with the final ranking result and the corresponding
probabilities. At a radius of 1, both OPA-PR(N) and OPA-PR(B) converge within approximately 50
iterations. With a radius of 1.5, convergence occurs within 200 iterations. However, at a radius of 2, the
maximum iteration limit is reached without convergence, primarily because the norm of probability
vector does not meet the given minimum threshold. Regarding ranking results, both OPA-PR(N)
and OPA-PR(B) produce consistent rankings across radii, all converging to the mean-based ranking
result. Additionally, as the perturbation radius increases, the probability of an alternative achieving
the optimal ranking decreases. Figure 4 shows the alternative weights across various perturbation radii,
with a consistent vertical axis for comparison. The weight distributions follow a normal distribution,
in line with the sampling rule. As the radius increases, weight variability becomes more noticeable.
It is important to note that due to the stochastic nature of the simulation, slight variations may
occur between different runs. Nevertheless, as iterations increase, the final ranking result of OPA-PR

converge to the mean-based alternative ranking result, reinforcing the validity of OPA-PR.

Table 1: Ranking results of alternative ranking perturbations

st 2nd 3rd 4th 5th  6th 7th 8h 9th 10th

Model Radius Iteration
A5 A6 A7 A8 A2 A4 A1 A3 A9 Al0
1 56 % 2% 33% 40% 33% 51% 54% 1% 60% 67%
OPA-PR(N) 1.5 198 63% 57% 40% 36% 31% 46% 51% 56% 51% 60%
2 1000 59% 46% 28% 34% 25% 39% 44% 49% 48% 54%
1 50 % 7% 45% 41% 31% 4% 57% 8% 5% 5%
OPA-PR(B) 1.5 143 60% 51% 36% 36% 28% 49% 51% 59% 58% 63%
2 1000 58% 45% 27% 34% 30% 40% 48% 48% 4AT% 52%
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Figure 4: Weight results of alternative ranking perturbations

To evaluate the impact of the size parameters of attribtue ranking ambiguity sets on the weight re-
sults, we perturbate the size parameters by £5%, £10%, +15%, and £20%, with the results shown in
Table 2 and Figure 5. Table 2 shows that the weight disparities for both OPA-PR(N) and OPA-PR(B)
decreases linearly as the size parameters of ambiguity sets increase, with OPA-PR(B) being more
sensitive to size parameter perturbations than OPA-PR(N). The final ranking results for attributes
and alternatives remain consistent across different perturbation scenarios. The attribute weights for
both OPA-PR(N) and OPA-PR(B) are almost identical in all perturbation scenarios. However, the
alternative weights for OPA-PR(N) and OPA-PR(B) reveal that as the ambiguity set size parame-
ters decrease, variations in optimal weights for alternatives increase. An interesting phenomenon is
observed, where the weights of higher-ranked alternatives increase, while those of lower-ranked alter-
natives decrease. This suggests that as uncertainty in attribute rankings reduces (i.e., the ambiguity
set size decreases), the final weights between alternatives become more differentiated, providing more

information to support less conservative decisions.
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Table 2: Optimal weight disparities across perturbated size parameter

Model Value -20% -15% -10%  -5% 0% 5% 10% 15% 20%

OPA-PR(N) z* 0.0033 0.0031 0.0029 0.0027 0.0025 0.0023 0.0021 0.0019 0.0017
Ratio 131%  123%  116% 108%  100%  92% 84% 7% 69%

OPA-PR(B) 2* 0.0038 0.0035 0.0032 0.0029 0.0025 0.0022 0.0018 0.0015 0.0011
Ratio 151%  139% 126% 113% 100% 86%  73%  59%  44%

4.4. Comparison Analysis

This section compares OPA-PR by examining its optimal weights for ranked alternatives across
attributes against those of the original OPA. The OPA-PR outcomes are presented in three forms: the
original OPA-PR (OPA-PR(B) and OPA-PR(N)), OPA-PR with expert-provided attribute rankings
(OPA-PR(DR)), and OPA-PR with ROC weights for ranked alternatives (OPA-PR(B-ROC) and
OPA-PR(N-ROC)). For the original OPA, expert-provided attribute rankings are directly used as
input. The comparison with other MARS methods is omitted for two reasons: first, these methods
are based on different assumptions and axioms; second, they use parameters with different meanings,
making direct ranking comparisons unjustified. Comparing the proposed approach with the original
model provides a clearer understanding of how its extension influences the results.

Figure 6 shows the optimal weight results for each method. The results indicate that the optimal
weights for ranked alternatives in OPA span the widest range across all attributes. Additionally,
the optimal weight curves for OPA-PR(B), OPA-PR(N), OPA-PR(B-ROC), and OPA-PR(N-ROC)
are convex, as they use ROC weights for ranked alternatives, reflecting a risk-seeking preference.
In contrast, methods based on elicited worst-case marginal utilities for ranked alternatives, such as
OPA-PR(B), OPA-PR(N), and OPA-PR(DR), exhibit concave optimal weight curves, indicating risk
aversion. We find that OPA-PR’s robustness against preference and parametric uncertainty leads to a
tendency toward balance. This suggests that when DM lacks sufficient and precise information, he/she
is more likely to minimize attribute differences between alternatives, thus avoiding more aggressive
decisions. We also calculated the standard deviations of the optimal weight results for each method,
yielding the following outcomes: OPA (0.0207) > OPA-PR(N-ROC) (0.0198) > OPA-PR(DR) (0.0122)
> OPA-PR(B-ROC) (0.0079) > OPA-PR(N) (0.0072) = OPA-PR(B) (0.0072). These results show
that methods using ROC weights have higher standard deviations for optimized weights than those
using elicited worst-case marginal utilities (OPA v.s. OPA-PR, OPA-PR(B-ROC) v.s. OPA-PR(B),
and OPA-PR(N-ROC) v.s. OPA-PR(N)). Furthermore, under dual risk aversion toward preference
and parametric uncertainty, OPA-PR(B-ROC) and OPA-PR(N) exhibit the most conservative re-

sults. Overall, even for the same problem, differences in risk preferences lead to varying outcomes,
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Figure 5: Weight results of of size parameter perturbations

emphasizing the need to extend OPA in terms of preference and parametric uncertainty.
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5. Concluding Remarks

By extending the traditional OPA to address parametric and preference uncertainty, the proposed
OPA-PR offers a robust MARS framework. It employs an estimate-then-optimize two-stage procedure.
In the first stage, it elicited the worst-case utility functions from ambiguity sets of utility preferences,
incorporating properties such as monotonicity, normalization, and moment-based preference elicita-
tion, thereby providing a more comprehensive representation of utility preferences. In the second
stage, it optimizes decision weights under worst-case ranking parameters from various ambiguity sets
(norm-, budget-, and CVaR-based), further strengthening the robustness of the decision-making pro-
cess. We present a tractable reformulation of both stages. Notably, the PLA is utilized to approximate
the utility preference ambiguity sets to derive worst-case marginal utility functions, and thus the error
bounds for both stages of OPA-PR are analyzed. We demonstrate that PLA introduces no addi-
tional errors under specific preference elicitation methods (such as deterministic utility comparison
and stochastic lottery comparison for moment-based preferences), which provides the foundation for

designing the preference elicitation strategy.

31



The effectiveness of the proposed approach is validated through numerical experiments, including
case studies, sensitivity analysis, and comparison tests. The case results indicate that OPA-PR with
norm- and budget-based ambiguity sets performs well, while OPA-PR with the CVaR-based ambiguity
set is less effective at differentiating weights for ranked alternatives. Sensitivity analysis of alternative
ranking perturbations, assuming normal distributions with the mean of expert-provided alternative
rankings and standard deviations from perturbation ranges, shows that the final rankings converge to
those derived from the unperturbed problem. Sensitivity analysis of the ambiguity set size parameter
reveals the common trend that larger sets lead to more conservative weights. Comparison results
demonstrate that the proposed approach outperforms the original OPA model in terms of robustness
to parametric and preference ambiguity, resulting in more conservative weight outcomes.

While the current study focuses on a particular context of decision-making, we recognize the need
for further exploration in diverse scenarios to validate the generalizability of the proposed approach.
Future research could extend this work by incorporating different types of ambiguity sets for ranking
parameters, expanding the applicability of OPA-PR in various domains. Additionally, a promising
direction is to investigate how expert preferences can be elicited to design the size parameters for
ambiguity sets more effectively. Further integration of advanced operations research techniques, such
as distributionally robust optimization and stochastic contextual optimization, within the artificial
intelligence framework, could offer even more robust decision-making tools. Finally, expanding OPA
to accommodate model misspecifications presents a crucial avenue for future work, as this could
provide valuable insights for real-world decision-making applications where expert judgements may

not always hold true.

References

Ahn, B.S., 2015. Extreme point-based multi-attribute decision analysis with incomplete information. European Journal
of Operational Research 240, 748-755. do0i:10.1016/j.ejor.2014.07.037.

Ahn, B.S., 2017. Approximate weighting method for multiattribute decision problems with imprecise parameters. Omega
72, 87-95. doi:10.1016/j.omega.2016.11.006.

Ahn, B.S., 2024a. An Integrated Approach to Preferential Voting Models with Variable Weights for Rank Positions.
Group Decision and Negotiation 33, 565-586. doi:10.1007/s10726-024-09874-0.

Ahn, B.S., 2024b. Solving multi-attribute decision making problems with incomplete weights: A dual approach. Journal
of the Operational Research Society 75, 888-895. doi:10.1080/01605682.2023.2217212.

Armbruster, B., Delage, E., 2015. Decision Making Under Uncertainty When Preference Information Is Incomplete.
Management Science 61, 111-128. doi:10.1287/mnsc.2014.2059.

Ataei, Y., Mahmoudi, A., Feylizadeh, M.R., Li, D.F., 2020. Ordinal Priority Approach (OPA) in Multiple Attribute
Decision-Making. Applied Soft Computing 86, 105893. doi:10.1016/j.asoc.2019.105893.

Baranwal, G., Vidyarthi, D.P., 2016. A cloud service selection model using improved ranked voting method. Concurrency

and Computation: Practice and Experience 28, 3540-3567. doi:10.1002/cpe.3740.

32


http://dx.doi.org/10.1016/j.ejor.2014.07.037
http://dx.doi.org/10.1016/j.omega.2016.11.006
http://dx.doi.org/10.1007/s10726-024-09874-0
http://dx.doi.org/10.1080/01605682.2023.2217212
http://dx.doi.org/10.1287/mnsc.2014.2059
http://dx.doi.org/10.1016/j.asoc.2019.105893
http://dx.doi.org/10.1002/cpe.3740

Beliakov, G., Wu, J.Z., Divakov, D., 2020. Towards sophisticated decision models: Nonadditive robust ordinal regression
for preference modeling. Knowledge-Based Systems 190, 105351. doi:10.1016/j.knosys.2019.105351.

Boyd, S.P., Vandenberghe, L., 2004. Convex Optimization. Cambridge University Press, Cambridge, UK ; New York.

Burk, R.C., Nehring, R.M., 2023. An Empirical Comparison of Rank-Based Surrogate Weights in Additive Multiattribute
Decision Analysis. Decision Analysis 20, 55-72. doi:10.1287/deca.2022.0456.

Colorni, A., 2024. What is a decision problem? European Journal of Operational Research doi:10.1016/j.ejor.2023.
10.025.

Cook, W.D., Kress, M., 1990. A Data Envelopment Model for Aggregating Preference Rankings. Management Science
36, 1302-1310. doi:10.1287/mnsc.36.11.1302.

Corrente, S., Figueira, J.R., Greco, S., Stowiniski, R., 2017. A robust ranking method extending ELECTRE III to
hierarchy of interacting criteria, imprecise weights and stochastic analysis. Omega 73, 1-17. do0i:10.1016/j.omega.
2016.11.008.

Corrente, S., Greco, S., Kadzinski, M., Stowinski, R., 2016. Inducing probability distributions on the set of value functions
by Subjective Stochastic Ordinal Regression. Knowledge-Based Systems 112, 26-36. doi:10.1016/j.knosys.2016.
08.025.

Cui, S., Wang, R., Li, X., 2024. A Novel 6-SBM-OPA Approach for Policy-Driven Analysis of Carbon Emission Efficiency
under Uncertainty in the Chinese Industrial Sector. doi:10.48550/arXiv.2408.11600.

Du, J.L., Liu, S.F., Javed, S.A., Goh, M., Chen, Z.S., 2023. Enhancing quality function deployment through the integra-
tion of rough set and ordinal priority approach: A case study in electric vehicle manufacturing. IEEE Transactions
on Engineering Management 71, 7541-7552. doi:10.1109/TEM.2023.3282228.

Greco, S., Mousseau, V., Stowiniski, R., 2008. Ordinal regression revisited: Multiple criteria ranking using a set of additive
value functions. European Journal of Operational Research 191, 416-436. doi:10.1016/j.ejor.2007.08.013.

Greco, S., Slowiniski, R., Wallenius, J., 2024. Fifty years of multiple criteria decision analysis: From classical methods
to robust ordinal regression. European Journal of Operational Research doi:10.1016/j.ejor.2024.07.038.

Guo, S., Xu, H., Zhang, S., 2024. Utility Preference Robust Optimization with Moment-Type Information Structure.
Operations Research 72, 2241-2261. doi:10.1287/opre.2023.2464.

Haskell, W.B., Huang, W., Xu, H., 2018. Preference Elicitation and Robust Optimization with Multi-Attribute Quasi-
Concave Choice Functions. doi:10.48550/arXiv.1805.06632.

Hu, J., Mehrotra, S., 2015. Robust decision making over a set of random targets or risk-averse utilities with an application
to portfolio optimization. IIE Transactions 47, 358—-372. do0i:10.1080/0740817X.2014.919045.

Hu, J., Zhang, D., Xu, H., Zhang, S., 2024. Distributional utility preference robust optimization models in multi-attribute
decision making. Mathematical Programming doi:10.1007/s10107-024-02114~y.

Izadikhah, M., Farzipoor Saen, R., 2019. Solving voting system by data envelopment analysis for assessing sustainability
of suppliers. Group Decision and Negotiation 28, 641-669. doi:10.1007/s10726-019-09616-7.

Kadziniski, M., Greco, S., SLowinski, R., 2012. Extreme ranking analysis in robust ordinal regression. Omega 40,
488-501. doi:10.1016/j.omega.2011.09.003.

Kucuksari, S., Pamucar, D., Deveci, M., Erdogan, N., Delen, D., 2023. A new rough ordinal priority-based decision
support system for purchasing electric vehicles. Information Sciences 647, 119443. doi:10.1016/j.ins.2023.119443.

Llamazares, B., 2016. Ranking Candidates Through Convex Sequences of Variable Weights. Group Decision and
Negotiation 25, 567-584. doi:10.1007/s10726-015-9452-8.

Llamazares, B., 2024. Ranking voting systems and surrogate weights: Explicit formulas for centroid weights. European
Journal of Operational Research doi:10.1016/j.ejor.2024.04.021.

Lu, M., Shen, Z.J.M., 2021. A Review of Robust Operations Management under Model Uncertainty. Production and

33


http://dx.doi.org/10.1016/j.knosys.2019.105351
http://dx.doi.org/10.1287/deca.2022.0456
http://dx.doi.org/10.1016/j.ejor.2023.10.025
http://dx.doi.org/10.1016/j.ejor.2023.10.025
http://dx.doi.org/10.1287/mnsc.36.11.1302
http://dx.doi.org/10.1016/j.omega.2016.11.008
http://dx.doi.org/10.1016/j.omega.2016.11.008
http://dx.doi.org/10.1016/j.knosys.2016.08.025
http://dx.doi.org/10.1016/j.knosys.2016.08.025
http://dx.doi.org/10.48550/arXiv.2408.11600
http://dx.doi.org/10.1109/TEM.2023.3282228
http://dx.doi.org/10.1016/j.ejor.2007.08.013
http://dx.doi.org/10.1016/j.ejor.2024.07.038
http://dx.doi.org/10.1287/opre.2023.2464
http://dx.doi.org/10.48550/arXiv.1805.06632
http://dx.doi.org/10.1080/0740817X.2014.919045
http://dx.doi.org/10.1007/s10107-024-02114-y
http://dx.doi.org/10.1007/s10726-019-09616-7
http://dx.doi.org/10.1016/j.omega.2011.09.003
http://dx.doi.org/10.1016/j.ins.2023.119443
http://dx.doi.org/10.1007/s10726-015-9452-8
http://dx.doi.org/10.1016/j.ejor.2024.04.021

Operations Management 30, 1927-1943. doi:10.1111/poms . 13239.

Mahmoudi, A., Abbasi, M., Deng, X., 2022a. Evaluating the Performance of the Suppliers Using Hybrid DEA-
OPA Model: A Sustainable Development Perspective. Group Decision and Negotiation 31, 335-362. do0i:10.1007/
s10726-021-09770-x.

Mahmoudi, A., Abbasi, M., Deng, X., 2022b. A novel project portfolio selection framework towards organizational
resilience: Robust Ordinal Priority Approach. Expert Systems with Applications 188, 116067. doi:10.1016/j.eswa.
2021.116067.

Mahmoudi, A., Deng, X., Javed, S.A., Yuan, J., 2021. Large-scale multiple criteria decision-making with missing values:
Project selection through TOPSIS-OPA. Journal of Ambient Intelligence and Humanized Computing 12, 9341-9362.
doi:10.1007/s12652-020-02649-w.

Mahmoudi, A., Javed, S.A., 2023a. Strict and weak ordinal relations for estimating the criteria weights in Ordinal
Priority Approach (OPA). MethodsX 11, 102389. doi:10.1016/j.mex.2023.102389.

Mahmoudi, A., Javed, S.A., 2023b. Uncertainty Analysis in Group Decisions through Interval Ordinal Priority Approach.
Group Decision and Negotiation 32, 807-833. doi:10.1007/s10726-023-09825-1.

Mahmoudi, A., Javed, S.A., Mardani, A., 2022c. Gresilient supplier selection through Fuzzy Ordinal Priority Ap-
proach: Decision-making in post-COVID era. Operations Management Research 15, 208-232. doi:10.1007/
512063-021-00178-z.

Pamucar, D., Deveci, M., Gokasar, 1., Delen, D., Képpen, M., Pedrycz, W., 2023. Evaluation of metaverse integration
alternatives of sharing economy in transportation using fuzzy Schweizer-Sklar based ordinal priority approach. Decision
Support Systems 171, 113944. doi:10.1016/j.dss.2023.113944.

Sadeghi, M., Mahmoudi, A., Deng, X., Moslemi Naeni, L., 2024. Enterprise blockchain solutions for vibrant construction
ecosystem: Grey Ordinal Priority Approach. Grey Systems: Theory and Application 14, 115-143. doi:10.1108/
GS-07-2023-0060.

Sharafi, H., Soltanifar, M., Lotfi, F.H., 2022. Selecting a green supplier utilizing the new fuzzy voting model and the
fuzzy combinative distance-based assessment method. EURO Journal on Decision Processes 10, 100010. doi:10.1016/
j.ejdp.2021.100010.

Timonin, M., 2013. Robust optimization of the Choquet integral. Fuzzy Sets and Systems 213, 27-46. doi:10.1016/j.
£ss.2012.04.014.

Wang, R., 2024a. Generalized Ordinal Priority Approach for Multi-Attribute Decision-Making under Incomplete Pref-
erence Information. doi:10.48550/arXiv.2407.17099.

Wang, R., 2024b. A hybrid MADM method considering expert consensus for emergency recovery plan selection: Dynamic
grey relation analysis and partial ordinal priority approach. Information Sciences 677, 120784. doi:10.1016/j.1ins.
2024.120784.

Wang, R., Shen, R., Cui, S., Shao, X., Chi, H., Gao, M., 2024. A Novel Multi-Attribute Decision-Making Approach for
Improvisational Emergency Supplier Selection: Partial Ordinal Priority Approach. doi:10.2139/ssrn.4708945.

Wang, R., Wang, E., Li, L., Li, W., 2022. Evaluating the Effectiveness of the COVID-19 Emergency Outbreak Prevention
and Control Based on CIA-ISM. International Journal of Environmental Research and Public Health 19. doi:10.
3390/ijerph19127146.

Wu, J., Haskell, W.B., Huang, W., Xu, H., 2022. Preference Robust Optimization with Quasi-Concave Choice Functions
for Multi-Attribute Prospects. doi:10.48550/arXiv.2008.13309.

Wu, Q., Zhang, S., Wang, W., Xu, H., 2023. Multi-Attribute Utility Preference Robust Optimization: A Continuous
Piecewise Linear Approximation Approach. doi:10.48550/arXiv.2303.16420.

Zayat, W., Kilic, H.S., Yalcin, A.S., Zaim, S., Delen, D., 2023. Application of MADM methods in Industry 4.0: A

34


http://dx.doi.org/10.1111/poms.13239
http://dx.doi.org/10.1007/s10726-021-09770-x
http://dx.doi.org/10.1007/s10726-021-09770-x
http://dx.doi.org/10.1016/j.eswa.2021.116067
http://dx.doi.org/10.1016/j.eswa.2021.116067
http://dx.doi.org/10.1007/s12652-020-02649-w
http://dx.doi.org/10.1016/j.mex.2023.102389
http://dx.doi.org/10.1007/s10726-023-09825-1
http://dx.doi.org/10.1007/s12063-021-00178-z
http://dx.doi.org/10.1007/s12063-021-00178-z
http://dx.doi.org/10.1016/j.dss.2023.113944
http://dx.doi.org/10.1108/GS-07-2023-0060
http://dx.doi.org/10.1108/GS-07-2023-0060
http://dx.doi.org/10.1016/j.ejdp.2021.100010
http://dx.doi.org/10.1016/j.ejdp.2021.100010
http://dx.doi.org/10.1016/j.fss.2012.04.014
http://dx.doi.org/10.1016/j.fss.2012.04.014
http://dx.doi.org/10.48550/arXiv.2407.17099
http://dx.doi.org/10.1016/j.ins.2024.120784
http://dx.doi.org/10.1016/j.ins.2024.120784
http://dx.doi.org/10.2139/ssrn.4708945
http://dx.doi.org/10.3390/ijerph19127146
http://dx.doi.org/10.3390/ijerph19127146
http://dx.doi.org/10.48550/arXiv.2008.13309
http://dx.doi.org/10.48550/arXiv.2303.16420

literature review. Computers & Industrial Engineering 177, 109075. doi:10.1016/j.cie.2023.109075.

Zhao, S., Hendalianpour, A., Liu, P.,; 2024. Blockchain technology in omnichannel retailing: A novel fuzzy large-scale
group-DEMATEL & Ordinal Priority approach. Expert Systems with Applications 249, 123485. doi:10.1016/j .eswa.
2024.123485.

35


http://dx.doi.org/10.1016/j.cie.2023.109075
http://dx.doi.org/10.1016/j.eswa.2024.123485
http://dx.doi.org/10.1016/j.eswa.2024.123485

Appendix A. Extended Formulation Considering Preference Inconsistency

In this section, we discuss the potential preference inconsistency for the preference elicitation pro-
cess, which may arise from factors such as misalignment with expected utility theory axioms or con-
taminated preference information. We examine three interpretable types of preference inconsistency,
including weight disparity error and erroneous elicitation, along with their corresponding modified
formulations.

First, we assume there are errors in weight disparity, indicating that the optimized weight disparity
scalar does not satisfy all weight disparity constraints. For any i € Z, the term W;3; is modified to
W.3; + i, where v; € R7*E denotes the error tolerance for expert i. An error budget I'; > 0
is introduced to regulate the total error, ensuring consistency within the model. The cumulative
inconsistency is quantified by the total error term e'~; < I', which enforces the feasibility of the

second-stage problem of OPA-PR. The modified formulation is as follows

max zj
2i,Wi,Yi

s.t. RU z; < W;8; + i, vs; € Vi,

eT'lI)i =1, (A1)
el <T,
vi 2 0,w; > 0,

where «; is treated as a decision variable. The tolerated total error can be designed based on the
optimal value of Z} from the original formulation of OPA-PR. The tractable reformulation of Equation
(A.1) can be derived by the symmetric argument as the proofs of Propositions 4-6.

When addressing erroneous elicitation, we can selectively relax a portion of the preference elicita-
tion constraints in the second-stage problem of OPA-PR. In this case, we assume that at least 1 — 6;;
of the R dominance relations under each expert and attribute are correct, implying that expert ¢ can
give incorrect responses in at most 0;;R relations on attribute j and 8; R”7. We introduce binary
variables 9; € {0,1}/*F for any i € T, taking the value of 1 if expert i is incorrect about the ranking

relation r on attribute j. The modified formulation is as follows

s.t. RUz; < W;8; + M9;, Vs; € Vi,
M(e' —9;) + RU; 2 > W;3;, V&V, (A2)
eT'LDi =1,
Ev; < R,

797; € {07 1}JXR7"I72' > O)
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where M is a large constant and
+

0]

=
I

éT

and e is an R-dimensional vector of all ones. The tractable reformulation of Equation (A.2) can
be derived by the symmetric argument as the proofs of Propositions 4-6 and then solved by the

cutting-plane method.

Appendix B. Technical Proofs

Appendix B.1. Proof of Proposition 2

For any (i,7) € T x J, given that ¢, (1) on 7 € © is a step function with jumps at 7, for all
hij € H;j, we have

/ wl” duw Z wl” Thm)(u” (Th2J> u” Thmfl / wlu dul] )
hij€Hij
where T;Lij € (Th;;—1, Th;;] and the last equality follows from the fact that the integral only involves the

value of u;; at these jumps. O

Appendixz B.2. Proof of Proposition 3

We first divide the set of marginal utility functions based on their values at rankings on © for any
(i,7) € Tx T, denoted as U;;(y) = {uij : wij(Th,;) = Yn,;> Vhij € Hij}. Then, we have Uj;(y) NU® #
(), which yields Equations (12b) and (12¢). Equations (12b) and (12¢) express the concavity property
by the first order condition, ys,; — Yn;;—1 = ph;;—1(Thy; — Thy;—1) and pp,; < pp,;—1 for all hy; € Hyy,
where fu,; represents the subgradient at turning point h;;. The left-hand side of Equation (12d)
characterizes monotonic increasing properties of marginal utility function, while the right-hand side
represents the Lipschitz continuity with the modulus being bounded by G. Furthermore, U;;(y) N
U™°" # (), which are represented by Equation (12g). Equation (12e) details the elicited moment-type
preference information for each ranking points, which is derived from the fact that di;(7p,;—1) =
fin;;—1 for all hi; € H;j. Since ;;(h(x, &) in the objective function is concave, non-decreasing, and
affine in @, we can apply the support function for increasing concave functions, as outlined in Lemma
1, to approximate @;;(h(x,&.)). This leads to the objective function formulation in Equation (12a)
and the constraints in Equations (12f) and (12h). The worst-case marginal utility function in Equation

(13) for any (i,j) € Z x J is directly obtained by Proposition 2. O
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Appendiz B.3. Proof of Proposition /
Consider the inequality constraint in Equation (14) under Assumption 8, i.e.,

RU;}% < W;5;,¥3; € V"™ & RU;}% < _min {Wzél}

? S evnorm

Given any w;, we have

min W3,
s evnorm

= L min Wlél,
=72 (8 —p)l[2<d;

= ) min W;s;.
IZ72(8i—p)/d:ll2<1

Let & = Zfé(éi — w)/0i, 80 §; = p + 51'2%&, which leads to

min W;(p + ; 2251)

l€ill2<1
~ 1
=— max W;(—p —§;X2§;),
lEill<1 (p = %)
=W,p — max W;(—§;52¢,),

€ill2<1
= 1T
=(Wi)g 1= 8[(22) i3,
(Wi)g 1= 6il|(22) T o,

where the fourth equality follows from the dual norm definition, and the fifth equality is due to the fact
that the dual norm of the fo-norm is the fo-norm itself. By reintegrating the inequality constraint,

Equation (14) under Assumption 6 is equivalent to the following second order cone programming

problem
max Zi,
w; €W, Zi, A
=3 Wiu — RU%;
6 ([(22) eyl 2)e < ———— —
7
which gives the result in Proposition 4. O
Appendiz B.4. Proof of Proposition 5
Lemma 3 (Decompostion of support function). Let S1,So,...,S, be closed convex sets, such that

Nicrri(Si) # 0 and S = Ny Si. Then, we have

5*(2]5) = mm{z(s*@i 11> i = }
=1 =1

where §*(x|S) is the support function of S.
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By Lemma 3, we are ready to derive the tractable reformulation of the second-stage problem of
OPA-PR under Assumption 7. Consider the inequality constraint in Equation (14) under Assumption
7, 1.e.,

RU;z; < W;5;,V5; € V' o RUFZ, < min W3,

§ievbudget
Let
. 1 1 1 1
n= (,ul,...,,ul,...,,uJ,...,,uJ)T and A; :d1ag<—,...,—,...,—,...—).
— — il 7Yil YiJ YiJ
R elements R elements — ——
R elements R elements
We can rewrite VZ]-D udeet jnt0
budget ~ ~ ~
Viu &e = {Si € RJR : HAZ(.Sz — N)Hoo S 1, HAZ(S’L — [,I,)Hl S F} = VZOO ﬂVil,
where

Vi© = {5 e RT[|Ai(3i - p)lloo < 1},
Vi=1{5 eR™: A5 —p) <T}.
Notice that Y and V! are closed convex sets and 0 € ri(V°)Nri(V}), then Lemma 3 holds. Then,

we have

Hltii}((j —V~Vi§i < —R[]i*éi 54 (5*(—V~Vz“VibUdg6t) < —Rﬁ;ii,
§i€Vi udget

where 6*(—(W;)4[VP"8) is the support function of V""*5%. By Lemma 3, we have
min {5*(’!41“}?0) +0 (yalVi) Y1+ Yy = _Wi} < —R(U})g%, Vgeq,

where Y1 = diag(y111, ..., Y118, Y121, - - -, Y1JR) and Yo = diag(y211, - - -, Y21R, Y221, - - - s Y2JR)-

By the definition of support function and dual norm, we have

8 (y1|V®) = max y| § = max T3 = max y| (A7'd; +
WD) = I Y18 = e ¥ 5 0 Y1 (Bt ),

T TIA— T —1, ¢
=y p+ Y (A7) =y p+ |A %,
1ljoco>

=yl p+ 1Ayl
and
5*@2“)1-1) = max y;—éi = max , 8 = max y;—(FA;ldg + ),

1 Yo Si
3;ev} lAi(8: =)l < lld2]l1<1
1

=y, p+ ngllﬁ)ily;(rA;ldQ) =y, n+ T A; yl],

=y 1+ T AT .
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Notice that

A>—Ay

min ||A7! = min ATl < min A
y1 14: w1k Y1 Z‘( ;Y1) Y1\ Z 7 A> Aty

geg ’ geg

and

ve > —Aly, }

min ||[A7! — minmax | (A7 < min< v
nin | A7 go oo = minmax [(A7Myz),| < m ve > Ay,

ge v

By reintegrating the inequality constraint, Equation (14) under Assumption 7 is equivalent to the

following linear programming problem

_ max Zi
w; €W, Zi,Y1,Y2,A.V

st. (y1+v2) ' w+ (N e+Tv)e < —RU; %,
Y1+ Y, =-W,
A>—ATty,
A> Ay,
ve > —A; 'y,

ve > A 'y,

which gives the result in Proposition 5. O

Appendixz B.5. Proof of Proposition 6

Consider the inequality constraint in Equation (14) under Assumption 8, i.e.,

RU?% < W;3;,V8; € VOV*R & RU% < min {Ws} .

? ~
sicVCvaR

Given any w;, consider the minimization problem on the right-hand side

8i = icT MiSi
| en=1
¥ :=min ¢ W;s; ) ,
s n<(gr)e
n=>0
which is equivalent to
e'n=1
U= rrilin W, (Z 77i3i> n<(4)e
icT n>0
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Let A € R and B € R’ be the dual variables. We have the following Lagrange function

_ W, . _eT T(p_ (L
L(n, A, B) = W; (%;msz) +A (1 e n) +B (77 <0J> e) ,
=\- <0¢1[> Ble+ W, <Z msi) —Xe'n+8"n,

€T

and

0L(n, A, B)

=W;s; — A+ Bi.
o s + B

By Lagrangian duality, we have

T = mj L(n, )\, B).
min max (1,7, B8)

As is the case for linear programming, ¥ is bounded below by

. 1 *
T = )%ag% 1711121101)\ — <aI> Ble+W; (; nis,) —de'n+Bn< U

Let g(A, B) = ming>o L(n, A, B). we have

A— (é) BTE, VNViSi —A+B>0,Viel,

—00, otherwise,

g\, B) = {
which can be redefined as the optimal value of the following dual problem

1
T = n/\l%x A— <aI> Ble,
s.t. V~Visi — A+ 5, >0, Viel,

B = 0.
The above dual problem is strictly feasible and the feasible set is bounded. Thus, the strong duality

holds, i.e., T* = ¥ and both primal and dual values are attained. By reintegrating the inequality

constraint, Equation (14) under Assumption 8 is equivalent to the following linear programming

problem
max  Zj,
w; EW;,2:,\,8
1 =
s.t. ()\ o7 Z ﬁi/> e > RU; %,
el

Wisi’ + (—)\ + ,31")6 >0, vi' e 7z,

B =0,
which gives the result in Proposition 7. O
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Appendiz B.6. Proof of Theorem 1

We first briefly present the optimal solution to the second-stage problem of OPA-PR under the
worst-case attribute rankings, following the proof of Theorem 2 in Wang (2024a). For any i € Z,
the second-stage problem of OPA-PR with the worst-case attribute rankings is a linear programming

problem with the following constraints

elw,; = 1.

{ RU% — W5 <0,
The coefficient matrix of this system is full rank. Thus, any solution satisfying the KKT conditions

is optimal. Assuming the inequality constraints are active, we have

TR ok =k o~k
RU,Z; = 555W55,-

Substituting these into the normalization constraint yields

U Z =1

Sy

jegrer U

By reintegrating the equality, we obtain

Y

=1/ (SZ

jegrer U

and _
w3, = o V(j,r) e T xR.

ij

It is straightforward to verify that (Z7,w]) satisfies the KKT conditions, confirming it as the
optimal solution to the second-stage problem of OPA-PR.

We next demonstrate the decomposability of the optimal weights. Let

R
A=/ (XX )
jeJrerR W
which represents the weight disparity with normalized utilities across the ranked alternatives from the

first-stage elicitation, where the sum of utilities of ranked alternatives equals 1. We have

TE ¥ 3 S
O — % L W S Zifre | = WWR,WU
T g ) F Lo \gr) W e
ij i ij £ajeg 5 N\

where

1
WR ;
wz‘] — - 1 Vj € j,
Sij 2ajed 53
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and

= (2 / sy %) gmesn

jeTJ JEJ reR ’]

Notice that > 7 w =land ) ;c7 > er w = 1, which gives the results in Theorem 1. [

Appendiz B.7. Proof of Proposition 7

For any (i,7) € Tx J, since Us; C Ui, then p; = ﬂir;leigijEp[ﬂij(h(w, £)] > ugli{{lijEp[uij(h(w, )] =
pij- It sufficices to show that p;; < p;;. Let o be a sufficiently small positive number such that
Epluf;(h(z, §))] < pij + o with uf;

functions over ©, there exists a piecewise linear concave function ¢,

€ U;j. By Proposition 2, since 9, for all l;; € L;; are step
5 € lej such that ug;
all 7,,; € © and h;; € H;;, which implies Ep[af;(h(z,§))] < Ep[uf;(h(z,§))]. Therefore, we have
pij = minEplt;;(h(z, §))] < Eplaf;(h(z, §))] < Ep[uf;(h(z,£))] < pij +o0. Since o is arbitrarily small,

uEuij

ag
< uy; for

it follows that p;; < p;;. It follows that p;; = p;;. O

Appendiz B.8. Proof of Proposition 8
For any (i,j) € Z x J, given the piecewise linear approximated @;; with jumps at Th,; for all
hij S Hij, we have

/wz,] () = 3 / dii(7),

hij€Hs; " Thij—1

() — wii (Th Thiz
= Z u”(Thw) uJ(Thw 1)/ 7 wlij(T)dTv
T

Th:: — Th,. —
hij€Hij hij hij =1

Li]'—l

Thy;
f'rhi]-]—l wlij (T)dT

Thij - Thij—l

= Z (uij(Thij)*Uij(Thij—l))

hij€Hj
= Z (wij (Th;) = ij(Thiy-1)) Vi, (h,,)
hij€Hij
where T,’”j € (Thi;—1, ;] and 9y, (T,’”j) is constant.
On the other hand, consider the step-like approximation v,; for all l;; € L;;, which is discrete step

function with jumps at Thi for all h;; € H;j. Then, we have

Th,:

/ed;lij (7)duij (1) = h”;{” / :1 Vi, (7)dugs (1),

Th”.
= Z wlij (Ti/zi]- )duij (7—)7

hl] eHzg ZJ -1
= > iy (hy,) (g (thg,) = wig (Thy; 1) -
hij€Hij
Thus, the step-like approximation of v is equivalent to the piecewise linear approximation of w. [
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Appendiz B.9. Proof of Lemma 2
Given .7 := {f = Ijp0/() }, dz(u1,u2) is well-defined for any u;,us € U. For any (i,j) € T x J,

since u;; is Lipschitz continuous with modulus G and increasing on ©, we have

u;(j (Thij) - u?j (Thij_l)

Thij - Thij—l

0<L <G, Vhij S HZ]

Then, by Proposition 2, for any 7, € (7,1, Th,,], we have

U’;Fj (Thij) - U?j (Thz‘jfl)

Thij - Thz‘jfl

Jit5(7) = wiy (T)] = |ui (Thy,—1) + (7 = Thiy—1) = ug(7)

)

T = Thijfl

= |l u* Th, . _u%.']- 4+ -

Th,; — T
- (uz{j(Thijfl) - u;k](T))

)

T —Th;:—1 Th.. — T
= 7'h_77j;1 (u;j(Th“) - u:}('r))‘ + # (u;‘kj(Thijfl) - U:J(T))l )
ij ij— i i
> G Th,: — Th..—1)| + L E—— The — The 1
Thz‘j - Thij—l ’ ( ij ij )‘ Thij _ Thij—l ‘ ( ij ij )‘,

= G(Th;; = Thyy—1)s

< GGy,

where (;; = maxp,;ep;; (Th;; — Thi;—1), Which gives Equation (19). Since uj;(0) = 0 and uj;(R) = 1, we

have G > 1/R. O

Appendix B.10. Proof of Theorem 2

By Proposition 2, since u;;(0) = 4;;(0) = 0 such that U, = uj;(R—r+1) and UZ*]T = u;;(R—r+1).

By Lemma 2, we have
U — (G¢j)e < U <UF + (GGje, Y(i,j) €I xJ.
Consider the second-stage problem of OPA-PR with the unapproximated utilities

max { zj : (ZL,’IIJZ) S St .= Zi € R,w; € R/E eT'u_)i =1 ,
Zi,w;
and with the PLA-approximated utilities
R(Ui* + GCije)gi < ngj
max Zi . (EZ,’II)Z) € 82 =<z eRw; € RJR eTq_Z;Z- =1

Zi,W;
w; Z 0
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Observe that G(;jZ; > 0 such that §? C 8!, which implies that Z; < zF. Let (6},A}) be the
dual optimal solution of Equation (20). Assume that (Z;, w;) is feasible for the problem with PLA-
approximated utilities, which is also feasible for the unapproximated problem. By strong duality, we
have

7> 5+ 0;(1—e ;) + (N) (W8 — RUS%)
> % + RG(ij(A]) Tez;,
= (1+ RGG;(A)Te)z,
where the second inequality follows from W;§f — RUZ; > RG(; ()" eZ; for any feasible solution

for the approximated problem, A} > 0, and e'w; = 1. For any feasible %;, we have

5 1
zZi < z

(1 + RGCZJ(A:)TG) b

which gives a upper bound for z7, i.e.,

1

~% —%
1 J—

(1+ RGG;(A)Te)

Consider the approximated problem with the following feasible set

SP={zecRw eRE| T, =1

w; >0

which yields ST C 83 and z} < zF. Assume that (z;,w;) is feasible for the unapproximated problem,

which is also feasible for the approximated problem. Similarly, by strong duality, we have
2: > 7: >z + (9:(1 — eT’lI)Z') + ()\;k)—r (V_Vlé;k - RUZ*Z) ,
> 7 — RGGj(\) ez,
= (1 — RGG;(X)) Te)z;,
which gives a lower bound for z}, i.e,

(1 - RGG;(A) ez < 2.

By the proof of Theorem 1, for all (j,r) € J x R, we have

RUY, zf (1 — RGG;(XY)Te)RU;, RU;;
w?jr _ jir 7 N ( CZ] (N*z) ) T 22* S w:}r < zgr* — 2?7
555 85 (1 + RGC@J()‘z) e)sij
which gives the results in Theorem 2. O

45



	Introduction
	Related Literature
	Contributions
	Organization
	Notation

	Preliminaries
	Preference Robust Ordinal Priority Approach
	Modeling Framework
	First-Stage Estimation: Worst-Case Marginal Utility Functions
	Ambiguity Set Design for Marginal Utility Functions
	First-Stage Tractable Reformulation

	Second-Stage Optimization: Decision Weights
	Error Bound
	Preference Elicitation Strategy Design

	Numerical Experiments
	Experiment Setup
	Experiment Results
	Sensitivity Analysis
	Comparison Analysis

	Concluding Remarks
	Extended Formulation Considering Preference Inconsistency
	Technical Proofs
	Proof of Proposition 2
	Proof of Proposition 3
	Proof of Proposition 4
	Proof of Proposition 5
	Proof of Proposition 6
	Proof of Theorem 1
	Proof of Proposition 7
	Proof of Proposition 8
	Proof of Lemma 2
	Proof of Theorem 2


